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Abstract: Sound signals propagation in a shallow-water area with bowl-like bottom relief
which can be part of an underwater canyon, a bay, a lagoon or a lake is studied. Such area is
characterized by curvilinear (in particular circular) isobaths with the depth increasing
towards their center of curvature (inner part of the bowl). Manifestation of horizontal
refraction in this case consists in the existence of whispering gallery waves (WGWs)
localized in some vicinity of isobaths. Main attention is paid to conditions and criteria of
excitation of such waves by a point source and specific features of their propagation. It is
shown that WGWs can be excited by a source localized both inside the area with bowl-like
bathymetry and in its exterior. The latter case can take place due to the “tunneling” of sound
wave to the inner part of the bowl from the exterior. Efficiency of the tunneling is estimated
for realistic waveguide models. The amplitude of excited WGWs depends on the sound
frequency, on the position of the source and parameters of the waveguide, in particular, on
the curvature radius of isobaths. Modal structure of whispering gallery beam is analyzed
both in an analytical form and using numerical modeling within the framework of Parabolic
Equation approach. The respective azimuthal wavenumbers and radial mode functions are
computed. Dispersion of such waves is also investigated, and the possibility of their
experimental observation is discussed.. [This work was supported by Israel Science
Foundation, grant 565/15].
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1. INTRODUCTION
In the paper as an example shallow water waveguide is considered with rotational
symmetry (Fig.1). It is characterized by curvilinear (in particular circular) isobaths with depth
increasing toward center of curvature (inner part of bowl).

Let’s consider waveguide with changing depth:
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and some transition segment r; < r < 1. [f ; = 1, then we have step-like bathymetry.

Fig.1. Shallow water waveguide

2. WHISPERING GALLERY MODES

Our goal is to consider possibility of formation of waves localized near the circular
(generally speaking curvilinear) isobaths, in other words whispering gallery waves. In theory
amplitude of the sound field P(x,y, z) formed by the source with the constant frequency is
found in the form of decomposition over adiabatic vertical modes

P(x,y,2) = X3 Ai(r,0)¢;(r,2), )

where local (adiabatic) eigenfunctions  ¢;(7,z) and the corresponding horizontal
wavenumbers q;(r) can be found via solution of the Sturm problem for every waveguide
cross-section. Amplitudes A;(r,8) depending on mode number and frequency describe
distribution of acoustic intensity of the corresponding waveguide mode in horizontal plane
and satisfy equation
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Amplitudes A; can be found as decomposition over radial modes R, (1)
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A(r,0) =%, R, ()Y, (0) 4)

Some of radial modes, with big values of numbers v~2500 have specific shape with
maximum in area of boundary/transition segment and correspond to the whispering gallery
modes. At the same time for these modes for low and mid frequency parameter
gr~ 10°-10* >>1 and radial modes can be described by Debye asymptotic expression
[Abramowitz, Stegun]. In the Fig.2 these modes R, () are shown for step-like bathymetry
where r; =1, = 6 km, hy = 24m, h, = 26m, in this case they are expressed through the
Bessel functions. Remark that radial modes in the Fig.2 have only outgoing waves in area
r > 15, they can be excited by the source placed inside of deep part of the waveguide (S;, in
the Fig.1). Outgoing waves in shallow water of can arise as “tunneling”.
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Fig.2. Radial modes, localized in vicinity of boundary between two areas with constant depth

It means that all WGM are leaking (see Fig.3) it correspond to modification of Fresnel’s
laws and the absence of total reflection for curvilinear boundary [Hentshel et al, 2002] in the
case of horizontal rays and vertical modes or imaginary part of eigen values q;(r). It is clear
that for WGM Imgq;(r) < Regq;(r)

Fig.3 Sound field from the point source, placed inside of deeper part (Siy,)
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Rather interesting phenomena for given waveguide is possibility for excitation of WGM by
the source, placed in area of smaller depth (source S,y) in the Fig.1.

X, km
Fig.4 Sound field in horizontal plane excited by the source Sy

It means that we can find radial modes R, (1), which contain outgoing and incoming waves in
area r > r,. Excitation of WGM by the source, placed in shallow part of the waveguide
(Fig.1) corresponds to the so called tunnel effect in quantum mechanics. In the Fig.4 such
distribution of the sound field is shown, obtained within the framework of Parabolic equation
in horizontal plane, which is derived from Eq(3) by standard way. We can see close
distribution of the sound field in horizontal plane in the Fig.3 and Fig.4
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