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Abstract: Finite element (FE) modeling is a technique ideally suited for the evaluation and prediction
of acoustic scattering and propagation in complicated underwater environments, but requires
consideration to keep the problem computationally feasible and efficient when solving over long
ranges. Two-dimensional FE solvers are often preferred for efficiency, but are limited to symmetric
targets and environments. This work will demonstrate a number of techniques for three-dimensional
(3D) FE modeling which facilitate highly accurate evaluation of large-scale 3D scattering solutions from
elastic targets in complicated ocean environments. A recently developed numerical Green’s function
determination technique allows the 3D FE domain to be kept small, while capturing far-field scattering
results through the Helmholtz-Kirchhoff integral. Analytic forms of Green’s functions are generally
known for only a set of simple, canonical environments, and approximations are often applied for more
general problems. By determining Green’s functions numerically, analytic forms need not be known or
imposed ahead of time, and may be determined accurately. A nontraditional scattering formulation is
also adopted, which has been shown to improve FE model accuracy in the context of seafloor interface
environments. This work will also explore the use of tapered plane wave approaches, Floquet-Bloch
formulations, and other approximations within simulations involving targets in a rough or variable
interface environment. A 3D model of target scattering in complex seafloor environments which
applies these various techniques can be both efficient and accurate, and may strongly aid with
underwater object detection and characterization. This work has been supported by the U.S. Office of
Naval Research, Ocean Acoustics division, by IR&D funding from Applied Research Laboratories: The
University of Texas at Austin, and by the SMART scholarship provided by the American Society for
Engineering Education.
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1. Introduction

Finite element (FE) modeling is ideally suited for underwater acoustic scattering problems,
due to the complexity and variability of seafloor environments. Effects such as interface
roughness and bathymetry, seafloor layering, and interface clutter can strongly contribute to
the acoustic scattering, and models must be able to properly account for these contributions.
FE models are not restricted by any degree of environmental complexity, and therefore can
replicate the exact three-dimensional (3D) configuration of the seafloor environment, giving
highly accurate scattering predictions. The tradeoff for high solution accuracy is generally
considered to be the computation time of 3D FE modeling, which grows rapidly with the size
of the physical domain considered. To encompass distance scales associated with ocean
environments, two-dimensional (2D) FE techniques!!*! are often favored over 3D, although at
a distinct cost. By using 2D FE models to predict scattering within a 3D environment,
environmental symmetries must be assumed with respect to at least one coordinate, and the
true variability of the environment cannot be imposed within the model. This article discusses
a number of 3D FE modeling techniques, which yield far-field scattering solutions within
reasonable time frames. In particular, an original numerical Green’s function determination
method is utilized, which enables far-field solutions to be rapidly determined within any
environment. These techniques are applied within the context of modeling acoustic scattering
from elastic targets in seafloor environments, with generalizable target/environment
configurations, and with application to underwater object detection and classification. Near-
field and far-field techniques are discussed in Sections 2 and 3, respectively. Section 4 applies
these techniques to 3D models of target scattering, and further applications are discussed in the
conclusion.

2. Near-Field techniques

Se

e

Fig.1: 3D FE domain for modeling acoustic scattering by an elastic sphere (blue), half
buried in sediment. The flat, horizontal seafloor interface separates water subdomains from
sediment subdomains, and runs through the sphere equator. All external subdomains are
PMLs.

FE models require artificial truncation of the physical domain in order to solve, and the
truncating boundary must not scatter or reflect outgoing radiation in order to satisfy the
Sommerfeld radiation condition. A common solution is to place Bérenger Perfectly Matched
Layers (PMLs)[!! at the edges of the domain, which fully absorb outgoing radiation and
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simulate an infinite environment. Applying PMLs in such a way as shown in Fig. 1 allows the
outgoing radiation to be absorbed in every direction at the edge of the model domain. PMLs
are among the most widely used radiation absorption mechanisms within FE modeling, but a
unique issue with PMLs arises in the context of modeling seafloor environments. The seafloor
interface extends over the entire breadth of the FE domain, and necessarily must intersect the
edge of the PMLs. This is problematic because the operation of a PML is inherently
wavelength specific. Since the acoustic wavelength is different in the water and sediment
environments, the PMLs adjacent to water and sediment must be customized differently. At
PML-interface junctions, artificial reflections occur due to radiation from one environment
meeting the PML associated with the other environment. These artificial reflections can
reenter the FE domain, and have been observed!®! to contribute significantly to the scattering
solution.

A method of reducing the artificial scattering from PML-interface junctions is to solve the
problem using the fully scattered field formulation (FSFF),[*! also known as the interior
transmission formulation.”! In the FSFF, the solutions for the fields reflected by and
transmitted through the interface are prescribed in addition to the incident field, and the target
scattering alone is solved. This is in contrast to the usual scattered field formulation (SFF) in
which the incident field alone is prescribed, and all other fields are determined through
solving. The FSFF has been shown® to strongly improve FE solutions for buried target
scattering when PMLs are used. For the case of a flat interface, analytic forms of the reflected
and transmitted fields are known and may be prescribed within the FSFF framework. More
complicated interfaces will be discussed in Sec. 4.

Alternatively, reflections from PMLs can be avoided by tailoring the incident field in such
a way that the radiated fields incident upon the PML-interface junctions are minimized.
Artificial tapers to incident fields are often imposed, such as the Gaussian or modified-
Gaussian tapers of Thorsos et al.[>®! The challenge is to use a wide enough taper that the target
scattering is unaffected, while simultaneously keeping the FE domain large enough the
incident, reflected, and transmitted fields go to zero at the domain edges. Tapers can therefore
require much larger 3D computational FE domains, and much longer solution times than other
methods. Another alternative is to remove the PMLs from the edge of the FE domain adjacent
to the interface, and replace them with periodic boundary conditions (PBCs) to simulate an
infinite domain. Floquet-Bloch PBCs have previously been used in FE scattering models with
very good success.[”! The issue with PBCs is the inclusion of artificial Bragg resonances for
which the periodicity is an integer number of wavelengths. The size of the FE domain must
be chosen so that these resonances are outside the frequency range of interest for the problem.

3. Far-Field techniques

Far-field scattering solutions are often achieved using near-field FE models through the use
of the Helmholtz-Kirchhoff (H-K) integral:

1 aG(f) )?0) (l)) ap(fOl (A))

pfar(fj (1)) = - P(fo' (A)) - G()?, 9?0' (A)) on

4 Jg, on 1ds. (1

Eq. (1) gives the far-field scattering, evaluated at far-field point x and at frequency w, where
X can be outside the FE domain. The equation contains a contour integral over an arbitrary 3D
contour Sy, which completely surround the target and may extend through the interface. The
integrand contains the near-field solution p(X,, w), evaluated at point X, € S, and the Green’s
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function G (X, x,, w) connecting the points X, and X, and their partial derivatives relative to
the contour’s outward-pointing normal 7. Use of the H-K integral allows the contour and the
FE domain to be kept as small as possible, extending as little as a fraction of a wavelength
outside the target. In this way, the far-field receiver location need not be included within the
FE domain. Likewise, a far-field point source may also be excluded from the FE domain, by
imposing a plane wave to be incident from the direction of the source. Thus, if the Green’s
function of the target’s environment is known, only the target and a small portion of the
environment in its immediate vicinity need to be included within the FE domain, keeping the
3D FE solution computationally efficient. The H-K contour may be discretized and the integral
may be solved numerically within the F-E model, yielding far-field scattering solutions for
any desired location of source and receiver.

Analytic forms of Green’s functions are known for a set of canonical, relatively simple
environments, while simplifying approximations are often used for more complicated
environments.[®! The error associated with analytic Green’s function approximations grows
with the complexity of the environment, and in many cases makes the solution unusable.
Various numerical or experimental Green’s function determination methods have also been
proposed,”!® which generally require a cross-correlation or convolution of field
measurements made at multiple points in space, or at the same point at different instances in
time. A newly-developed Green’s function determination method allows the Green’s function
to be determined rapidly within the near-field FE model, using only a single field measurement
and without requiring further mathematical processing. This method therefore introduces an
enormous time saving measure for 3D FE modeling, which requires the Green’s function to
be determined at many discrete points around a 3D H-K contour. It also may be applied within
any environment, and the only simplifying approximation made is that the receiver is in the
far-field of the target. In this method, the Green’s function G (X, X, @) is obtained by placing
a point source of frequency o at the receiver location x, and using the FE model to determine
the field transmitted to the contour point X,. This field is, by definition, equal to G (X, X, w)
whose reciprocal Green’s function G (X, Xy, w) is determined by applying the reciprocity
condition [Eq. (2.274) of Ref. 8]. As with the source location, the far-field receiver location
need not be located within the FE domain. A plane wave from the receiver direction may
instead be imposed, provided that phase information of the incoming wave is carefully
preserved, based on the actual distance traveled between x and X,,.

4. 3D finite element results
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Fig.2: Scattering amplitude for a tungsten carbide sphere in water, as a function of
frequency in terms of ka. Scattering amplitude is in terms of the decibel magnitude of the
backscattering form function, f. Results for a partial wave series (PWS) and 3D finite element

(FE) model are shown.
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3D FE modeling was applied to the problem of acoustic scattering by an elastic, tungsten
carbide sphere in a free-field infinite water column, using COMSOL Multiphysics® software.
The model was developed with the domain construction depicted in Fig. 1, with water material
properties prescribed on both sides of the sphere. The FSFF technique was applied, although
the free-field nature of the problem would have permitted use of the SFF just as well. The
scattering was solved for the case of a co-located far-field point source and receiver point, using
the H-K integral and the numerical Green’s function determination method presented in Sec.
3. The source/receiver point was chosen to be well in the far-field of the sphere, and was not
included in the FE domain. Plane waves were imposed from the direction of the
source/receiver, both as the incident field and to determine the Green’s function at each point
around the H-K contour. A cubic lattice of contour points surrounding the sphere was chosen
as the H-K contour, with a maximum contour point spacing of A/12.8 or smaller, at all
wavelengths A. Far-field scattering was evaluated in terms of the backscattering form
function!!"'2] £ which is related to the complex far-field scattered pressure pg,, and the complex
incident field pj, in the following way:

Ptar = Pinc (%) feikr~ (2)

In Eq. (2), a is the sphere radius, 7 is the range from source/receiver to target, and k is the
acoustic wavenumber. Results are shown in Fig. 1, depicting good agreement between the FE
result and an analytic partial wave series (PWS) scattering solution.['*! Both results are plotted
as a function of incident frequency in terms of the dimensionless product ka.

—Experiment
—FE Solution A
* FE Solution B
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Fig.3: Scattering amplitude for an aluminum cylinder sitting flat (proud) on sand, as a
function of frequency in terms of ka. Scattering amplitude is in terms of the decibel magnitude
of the backscattering form function, f. Results for an experiment, and two 3D FE models.
Solutions A and B are described in Sec. 4.

A 3D FE model of acoustic backscattering from an aluminum cylinder resting flat (proud)
on sand was also created. The cylinder had a 2:1 length to diameter ratio, and sound was
incident at a 21.5° grazing angle. The same 3D FE techniques and methodology were applied
to this problem as to the problem of the sphere in Fig. 2, with the exception that the subdomains
beneath the cylinder were given sand properties instead of those of water. Analytic forms of
the reflected and transmitted fields at the interface were prescribed within the FSFF. The result
is shown in Fig. 3 in red (called Solution A), and is compared to an experimental result from
the same cylinder published by Williams et al. in Ref 14. Scattering amplitudes in terms of
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target strength from Ref. 14 have been converted to form function notation. While distinct
differences between the experimental and FE results are visible, they may largely be attributed
to either (a) variations in sediment properties, or (b) variations in sediment surface structure
that were not captured by the model. The model assumed a flat interface, and despite the
experimental team’s efforts to smooth the interface, some surface structure may be assumed to
have been present in the experiment. Even modest amounts of surface roughness or changing
bathymetry can strongly affect the scattering.

While interface roughness and structure may be imposed within FE models, an issue arises
when attempting to apply the FSFF in such situations. Analytic forms of the reflected and
transmitted fields are not generally known for complex interface geometries, and cannot
consequently be applied within the FSFF. Another approach is to solve for these fields
numerically, prior to prescribing them within the FSFF. These fields can be solved within the
3D FE framework by removing the target and solving the same problem using the SFF
formulation; however, caution must be taken once again to avoid the artificial reflections
associated with PML-interface junctions. Approaches such as artificially tapering the incident
wave, applying PBCs to domain edges, or applying the analytic small slope approximation may
all be used to solve for the reflected and transmitted fields. Solution B in Fig. 3 displays the
result obtained when the 3D FE model was solved by prescribing numerically obtained fields,
instead of analytic formulations as in Solution A. The fields were obtained in this case by
applying Floquet-Bloch PBCs to the domain edges. This solution gives very similar results at
all frequencies to Solution A. The numerical approach to solving for the reflected and
transmitted fields is therefore a reasonable approach, and use of the FSFF need not be viewed
as a hindrance to solving complex interface problems with 3D FE models.

5. Conclusion

3D finite element solutions have been evaluated for elastic targets in seafloor environments,
using a number of techniques to keep the 3D modeling efficient and capable of producing far-
field scattering results. In particular, a numerical Green’s function determination method was
used, which allows the far-field solution to be determined through the Helmholtz-Kirchhoff
integral, by way of a single field measurement within the FE model. This step does not add a
significant amount of time to the near-field solution, and is therefore quite beneficial when
evaluating the H-K integrand at many locations along the discretized 3D H-K contour. The
fully scattered field formulation (FSFF) also significantly increases solution accuracy, but
does require solving numerically for additional fields prior to prescribing them within the FE
model in the context of non-flat interface environments. With these techniques in place, the
stage is now set for highly accurate 3D modeling of targets within complex seafloor interfaces.
The interface height function for all results presented here has been constrained to the flat
interface scenario of z = 0, but everything is in place for this constraint to be removed,
allowing any kind of interface structure to be considered. Small-scale roughness, large-scale
variable bathymetry, seafloor layering, and clutter may be incorporated into the model. It will
be of great interest to see how the first tests of the model fare against experimentally acquired
scattering data from real targets in a variety of environmental contexts. If all goes well, 3D FE
modeling could soon provide significant application to the field of underwater target
recognition and classification, by its ability to generate highly accurate synthetic data for
training purposes.
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