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Abstract: The detection and identification of Unexploded Ordnance (UXO) at former 

military sites using sonar presents significant challenges which can be attributed to the 

presence of clutter objects of similar size and shape to targets of interest.  Remediation of 

large UXO sites requires computing features that provide Automatic Target Recognition 

(ATR) algorithms with the ability to reliably discriminate between man-made and clutter 

objects based on their acoustic returns. This paper presents the use of the Matrix Pencil 

(MP) algorithm to enable the identification of underwater targets potentially observed from 

multiple aspect angles. The Matrix Pencil algorithm models the signal reflected from a 

target as linear combination of exponential modes. Importantly, using the Matrix Pencil 

approach requires only a single data snapshot to estimate the modes, i.e. we do not require 

an estimate of any second order statistics. The modes are determined as the generalized 

eigenvalues of a pair of matrices created using a single-time sample shift operator. The 

modes estimate the resonant frequencies (the imaginary component) and the attenuation 

(the real component) of the ensonified objects. The amplitudes of the modescan can then be 

obtained using a least-squares estimate. The Matrix Pencil approach is tested using the 

well-known PONDEX dataset, which consists of calibrated scattering data from different 

aspects of several targets, including UXO shells, collected using a rail system. Results show 

that the Matrix Pencil approach, is able to reliably classify targets. 

Keywords: UXO Identification, Matrix Pencil, Nearest Neighbour, Classification, 

Automatic Target Recognition 
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1. INTRODUCTION  

The automatic recognition of underwater unexploded ordinance (UXO), specifically, 

distinguishing UXO from clutter with similar size and shape remains an open, but important, 

problem. In our context, automatic target recognition (ATR) requires the characterization 

of objects of interest via a training phase, following by matching a measurement to these 

characteristics [1]. In this regard, ATR requires two key steps: creating a library of useful 

characteristics in the training phase, i.e., extracting key target information in the training 

phase, and the use of an effective classification approach in the recognition phase. This 

paper focuses on the first of these two steps, specifically developing the use of the Matrix 

Pencil algorithm [2][3] to characterize targets of interest. We then use the well-known 

nearest neighbour algorithm [4] in the classification step to match a measurement, also 

processed by the Matrix Pencil algorithm, to the extracted target characteristics.  

The Matrix Pencil algorithm is an example of model-based parameter estimation. The 

approach models a sampled time domain signal as a linear sum of complex exponential 

modes; the algorithm them finds the parameters that define the linear sum: the mode 

exponents and the related mode amplitudes. While a sum-of-exponentials is a well-

established model, Matrix Pencil differs from other techniques in not requiring any 

statistical information; a single snapshot of collected data is adequate to execute the 

algorithm. The approach has been used in multiple applications such as indoor localization 

[5] and compensation for mutual coupling in adaptive processing [6]. 

The key to the Matrix Pencil approach is that it captures the essential behaviour of a 

target within a few numbers – importantly, these numbers have a physical interpretation as 

well. The real component of the modes indicate the mode attenuation – we would expect a 

hollow shell to have modes with a low mode attenuation to model the “ringing”. On the 

other hand, the imaginary component of the mode exponent relates to the target resonances. 

Finally, while the absolute value of the amplitudes depends on the intensity of the incident 

waves, the relative values of the amplitudes indicate the relative strengths of the target 

modes (assuming that the incident wave is broadband enough).  

In this paper, the Matrix Pencil approach is applied to the PondEx dataset [7]. The dataset 

comprises time domain measurements of the signals reflected off several different types of 

targets placed in several different orientations .The data was collected using a rail system, 

providing several cross-range samples of the target response in addition to the multiple 

target orientations. The targets include rocks, UXO aluminium shells, pipes and solid 

cylinders. Our examples here will largely focus on the aluminium targets. 

This paper is organized as follows: Section 2 develops the theory of the Matrix Pencil 

algorithm. Section 3 presents the characterization and testing methodology. Section 4 

presents the results based on our preliminary numerical testing using the nearest neighbour 

classification algorithm. Finally, Section 5 wraps up the paper. 

2. THE MATRIX PENCIL ALGORITHM 

In the Matrix Pencil approach, a time domain signal, 𝑥(𝑡), is written as a linear sum of 

complex exponentials 
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𝑥(𝑡) =  ∑ 𝐴𝑚𝑒𝜁𝑚𝑡𝑀
𝑚=1 ;    𝜁𝑚 = 𝛼𝑚 + 𝑗𝛽𝑚, (1) 

where 𝜁𝑚 , 𝑚 = 1,… ,𝑀, represent the 𝑀 complex modes of the system. The real component 

of the mode, 𝛼𝑚, denotes the mode attenuation, while, the imaginary component, 𝛽𝑚denotes 

the mode frequency. The signal is sampled 𝑁 times with a sampling period of Δ𝑡. Let 𝑧𝑚 =
 𝑒𝜁𝑚Δ𝑡; we get 

𝑥[𝑛] = 𝑥(𝑛Δ𝑡) =  ∑ 𝐴𝑚𝑧𝑚
𝑛𝑀

𝑚=1 ;    𝑛 =  0, 1, … ,𝑁 − 1, (2) 

The goal of the Matrix Pencil approach is to estimate 𝑧𝑚, 𝑚 = 1,… ,𝑀, the poles, and 

𝐴𝑚, 𝑚 = 1,… ,𝑀 the mode amplitudes. We accomplish this as follows: we first choose the 

pencil parameter 𝐿 (≃ 𝑁/2 ) and form the (𝑁 − 𝐿) × (𝐿 + 1) matrix X: 

𝐗 =  [

𝑥[0]                 𝑥[1]
𝑥[1]                𝑥[2]

⋯ 𝑥[𝐿]
⋯ 𝑥[𝐿 + 1]

⋮         ⋮
𝑥[𝑁 − 𝐿 − 1] 𝑥[𝑁 − 𝐿]

⋱ ⋮
⋯ 𝑥[𝑁 − 1]

]. 

(3) 

Based on this matrix, we can define two (𝑁 − 𝐿) × 𝐿 submatrices 𝐗0and 𝐗1representing 

the first and last 𝐿 columns of X respectively. Note that there is a single time-shift between 

the two matrices. Importantly, these two matrices can be written as 

𝐗0 = 𝐙1𝐀 𝐙2, (4) 

𝐗1 = 𝐙1𝐀 𝐙0𝐙2, (5) 

where 

 

𝐙1 = [

1             1
𝑧1            𝑧2

⋯ 1
⋯ 𝑧𝑀

⋮  ⋮
𝑧1

𝑁−𝐿+1 𝑧2
𝑁−𝐿+1

⋱ ⋮
⋯ 𝑧𝑀

𝑁−𝐿+1

],     𝐙2 = 

[
 
 
 
1   𝑧1

1   𝑧2

⋯ 𝑧1
𝐿−1

⋯ 𝑧2
𝐿−1

⋮  ⋮
1 𝑧𝑀

⋱ ⋮
⋯ 𝑧𝑀

𝐿−1]
 
 
 
, 

(6) 

𝐙0 =  diag(𝑧1, 𝑧2, … , 𝑧𝑀 ) (7) 

𝐀 =  diag(𝐴1, 𝐴2, … , 𝐴𝑀 ) (8) 

where diag( ) denotes a diagonal matrix with the corresponding entries on the diagonal. 

Based on (7) and (8), our goal is to estimate the matrices 𝐙0and 𝐀.  

Consider the following formulation, called a “matrix pencil” 

𝐗0 − 𝜆𝐗1 = 𝐙1𝐀[𝐙0 − 𝜆𝐈]𝐙2. (9) 
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Choosing 𝜆 = 𝑧𝑚, for some 𝑚, reduces the rank of the pencil by one. The estimates for 𝑧𝑚 

are, therefore, the generalized eigenvalues of the matrix pair [𝐗1, 𝐗0]. This approach allows 

for the unambiguous estimation of the poles if 𝑀 ≤ 𝐿 ≤ 𝑁 − 𝑀. 

Given the poles, the attenuation factor, 𝛼𝑚 = ℜ{log(𝑧𝑚) }/Δ𝑡 and 𝛽𝑚 =  ℑ{log (𝑧𝑚)/
Δ𝑡)} (here ℜ{ } and ℑ{ } denote the real and imaginary parts of a complex number). The 

conversion to continuous time parameters assumes that the Nyquist sampling rate constraint 

has been met. Finally, the amplitudes can be estimated using a least squares solution of 

[

𝑥[0]
𝑥[1]

⋮
𝑥[𝑁 − 1]

] =  [

1   1
𝑧1   𝑧2

⋯ 1
⋯ 𝑧𝑀

  ⋮  ⋮
𝑧1

𝑁−1 𝑧2
𝑁−1

⋱ ⋮
⋯ 𝑧𝑀

𝑁−1

] [

𝐴1

𝐴2

⋮
𝐴𝑀

] . 

 

(10) 

The development so far has assumed the number of exponents in the model, 𝑀, is known. 

In practice, this could be estimated using the distribution of singular values of the matrix 𝐗 

[2]. However, here we use a fixed value (found largely through trial and error). 

3. USING MATRIX PENCIL WITH PONDEX DATA 

As the previous section has shown, the Matrix Pencil algorithm models a single time 

domain signal as a linear sum of complex exponents. For every object and orientation, 

measurements were taken at 800 cross-ranges that are 2.5 cm apart covering 20 meters. In 

all, each target is measured in 9 orientations (0o, ±20o, ±40o, ±60o and ±80o with respect to 

vertical). The transmitted pulse was a 6 ms chirp from 1 to 30 kHz and the received pulses 

were match filtered and sampled at with period Δ𝑡 = 1 × 10−5 for 20 ms resulting in 2000 

samples. As a result, each orientation is associated with an 800 by 2000 matrix where each 

row is a time-domain signal occurring at a cross-range 

Since the matched filtering creates a “two-sided” time-compressed signal, we model the 

tail starting with the peak and processing 𝑁 samples. This choice covers the signal for all 

targets. We use the Matrix Pencil approach to model the signal at each cross-range position 

and each target orientation using 𝑀 modes. Since the measured time domain signal is real, 

the modes form conjugate pairs, i.e., there are 𝑀/2 unique modes per signal (resulting in 

each signal represented by 3𝑀/2 numbers (𝑀/2 amplitudes, attenuations and resonant 

frequencies). These values can then be used as the basis for the classification process). In 

the classifier we set 𝑁 = 512 and 𝐿 = 255. The peak signal value is normalized to unity. 

Based on the given data, there are several ways to train and test a classifier. In this paper 

we use a stringent approach: the training set was obtained using data from the 20o, 40 o, 60 

o, and 80 o orientations, while the testing used data from the -20o, -40 o, -60 o, and      -80 o 

degree orientations. Using this approach there are roughly 1000 vectors for training (to 

characterize a target) and a similar number for testing.  

Classification is attempted using a single cross-range measurements. A subset of 

representative cross-ranges was obtained from each object and orientation. This was done 

by choosing the cross-range with the highest energy time-domain signal and restricting the 

cross-ranges to ensure that the measured signals had energy within 8dB of the peak.  
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We use the principal components analysis (PCA) approach as a baseline. The PCA starts 

with the raw time-domain data (covering the training set) in the form of a matrix and uses a 

singular value decomposition, retaining the 𝑀 singular vectors, corresponding to the 𝑀 

largest singular values. These 𝑀 singular vectors form the projection matrix: the training 

measurements are projected onto the associated subspace, providing the feature vectors. 

4. NUMERICAL RESULTS 

4.1 MATRIX PENCIL 

 

Fig. 1 : Comparing the measured and reconstructed signals using the Matrix Pencil model 

Fig.1 illustrates the efficacy of the Matrix Pencil approach. To generate a sample result, 

we use the UXO Aluminium shell (UXO_AL_SHELL) at broadside and 0o orientation. In 

this plot, we use 𝑁 =  96 time samples and set 𝐿 =  51 and 𝑀 =  40. The plot overlays 

the original measured signal and the signal estimated obtained using the Matrix Pencil 

estimate of the amplitudes and poles in conjunction with the model in Eqn. (2). The two 

signals overlap almost exactly. As is clear, the Matrix Pencil approach is remarkably 

accurate in its reconstruction of the signal. 

Our second sample result illustrates that the parameters obtained using the Matrix Pencil 

model has a physical interpretation. Fig. 2 plots the frequency spectrum of the measured 

signal and overlays (by scaling the pole magnitudes so the comparison is easy to visualize) 

the mode frequencies and amplitudes. As can be seen, the locations of the mode frequencies 

(coupled with their magnitudes) corresponds well to the frequency spectrum.  

Fig. 3 presents visual evidence of using the Matrix Pencil approach to discriminate 

between types of objects. The figure plots the minimum value of the attenuation (the min. 

𝛼𝑚) a function of cross-range positions (centered at broadside) for 4 target types: two 
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different rocks, the UXO shell, and an aluminium pipe. Intuitively, we would expect the 

pipe to have modes with lower excitation (due to ‘ringing’). The plot clearly shows that this 

is true with the mode with minimum attenuation far separated from the other three.  

 

Figure 2: Comparing Fourier Spectrum and Mode Frequencies.  

 

Figure 3: The min attenuation for several targets and cross-range samples. 

4.2 CLASSIFICATION TESTING 

The training data is used to generate corresponding to the cross-ranges and training 

orientations. In the most part, we used 𝑀 = 40, resulting in 20 unique modes. Classification 
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is based on the real component (the attenuations), the imaginary components (the resonant 

frequencies) or the two appended. The first two approaches provide a length-20 feature 

vector for each cross-range position and orientation; the third approach results in a length-

40 feature vector for each cross-range position and orientation. 

Classification is based on the “K-nearest neighbour” or KNN algorithm – given a test 

vector, we first extract its features using the Matrix Pencil approach. We then find the 𝐾 

nearest feature vectors from the training data (corresponding to all the targets in the 

classification). The choice is the target class that has the maximum representation amongst 

the 𝐾 nearest neighbours (if 𝐾 = 1 then we just choose the target corresponding to the 

closest feature vector from the training set). 

Aluminium Pipe and Shell: The first experiment classifies between the aluminium pipe and 

shell. Here we used 𝐾 = 10  and an L1-distance metric. Table 1 lists the classification 

accuracy achieved using 𝑀 = 40 (effective dimension of 20) with the Matrix Pencil 

approach and compares it the accuracy of the PCA algorithm. As mentioned before, there 

are approximately 1000 test signals in the test orientations chosen.  

As listed in the table, using just the attenuations results in an 82.9% classification 

accuracy on the test set (as compared to a 71.0% classification accuracy using PCA). 

Appending the real and imaginary parts of the pole vectors to produce 40-dimensional 

feature vectors and standardizing the data yielded a test accuracy of 83.5% for the same 

model type. Given that the two objects are of a similar size (implying resonant frequencies) 

incorporating the imaginary parts of the poles yields only a marginal improvement.  

Aluminium Pipe, Shell and UXO : We repeated the experiment with 𝐾 = 1 classifying 

between three types of targets. Using the real part of the feature vectors (attenuations) yields 

a classification accuracy of 79.7% on the test set for this model type. Furthermore, the 

classification accuracy for distinguishing between the solid aluminium cylinder and pipe 

was found to be 72.2% suggesting that they were now being occasionally misclassified as 

shells. Using the imaginary parts of the pole vectors yields a classification accuracy of 

73.4% and combining the real and imaginary parts by appending the vectors and 

standardizing yields an accuracy 82.0%. Given the difference in size difference between the 

shell and the pipe and cylinder, it is expected that the imaginary component would aid in 

discrimination. For comparison, using PCA on the time-domain half-signals yielded a test 

set classification accuracy of only 69.6% for 20 components and 65.2% for 40 components. 

Feature Vector Dimensionality Test Accuracy 

Real part of poles 20-D 79.7% 

Feature Vector Dimensionality Test Accuracy 

Real part of poles 20-D 82.9% 

Real and imaginary parts of 

poles appended and 

standardized 

40-D 83.5% 

PCA on time-domain half-

signal retaining 20 

components 

20-D 71.0% 

Table 1: Classification Accuracy Between Aluminium Pipe and Aluminium Shell 
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Imaginary part of poles 20-D 73.4% 

Real and imaginary parts of poles 

appended and standardized 

40-D 82.0% 

PCA on time-domain half-signals 

keeping 20 components 

20-D 69.6% 

PCA on time-domain half-signals 

keeping 40 components 

40-D 65.2% 

Table 2: Three Way Classification Accuracy between Aluminium Shell, Pipe and UXO 

5. CONCLUSIONS 

In this paper we presented a new approach to extract the key features of a target with the 

aim of distinguishing between various types of targets; the approach is based on the Matrix 

Pencil algorithm. The algorithm models a time domain signal as a linear sum of complex 

modes. The mode attenuations and frequencies provide the characteristics of the target. We 

presented numerical results based on our preliminary testing of classification based on the 

Matrix Pencil approach. The approach is able to consistently provide classification accuracy 

of greater than 80% amongst the aluminium targets in the PondEx data set (and an 

improvement of over 10% as compared to the PCA approach). However, these are just 

preliminary results and significant testing remains to be done. 

ACKNOWLEDGEMENTS  

The authors from the University of Toronto would like to acknowledge the financial and 

technical support provided by Defence Research and Development Canada (Atlantic). 

REFERENCES 

[1] B.J. Schachter, Automatic Target Recognition, SPIE Library, 2nd ed., 2017 

[2] Y. Hua and T. K. Sarkar, “Matrix pencil method for estimating parameters of 

exponentially damped/undamped sinusoids in noise,” IEEE Transactions on Acoustics, 

Speech and Signal Processing, vol. 38, pp. 814–824, May 1990.  

[3] R.S.  Adve, O. M. Pereira-Filho, T.K. Sarkar and S.M. Rao, “Extrapolation of time 

domain responses from three dimensional objects utilizing the Matrix Pencil technique”, 

IEEE Trans. on Antennas and Propagation, 45, pp. 147-156, Jan. 1997.  

[4] R. O, Duda, P. E. Hart and D. G. Stork, Pattern Classification, John Wiley and Sons, 

2001.  

[5] K. Bayat and R. S. Adve, “Joint TOA/DOA wireless position location using matrix 

pencil”, In Vehicular Technology Conference, 2004. Fall, 2014. 

[6] C. K. E. Lau and R. S. Adve and T. K. Sarkar, “Minimum norm mutual coupling 

compensation with applications in direction of arrival estimation”, IEEE Transactions 

on Antennas and Propagation, 52 (8), pp. 2034-2041, August 2004. 

[7] K. L. Williams, S. G. Kargl, E. I. Thorsos, D. S. Burnett, J. L. Lopes, M. Zampolli 

and P. L. Marston, “Acoustic scattering from an aluminium cylinder in contact with a 

sand sediment: Measurements, modeling, and interpretation”, Journal of Acoustics 

Society of America, 127, pp. 3356-3371, 2010.   

UACE2017 - 4th Underwater Acoustics Conference and Exhibition

Page  716


	02
	723_UACE2017
	16.6_UACE2017_211



